Abstract. For some well-known families F ⊆ Q[x], we show the existence of an algebraic number α, such that α n is not in the splitting field of F , for all n ≥ 1. In the general case, we give conditions for the existence of a such number.
Introduction
Let K ⊆ Q be a field, then for any transcendental number α and any n ≥ 1, the number α n / ∈ K. However, there is no an algebraic number whose integer powers are not in Q. In this work, for convenience, we say that a field K ⊆ Q has the property P, if there exists an algebraic number α, satisfying α n / ∈ K for all n ≥ 1. The goal of this work is to explicit some families of polynomials F , with rational coefficients, such that the field Q(R F 1 ) has the property P. As tool, we use since simple properties of number fields up to a specific theorem on hilbertian fields. We finish giving pratical conditions for a field to have this such property. On the way, we give some relationships between this property and some related questions on transcendental number theory.
2. Splitting field and the property P Surely, if F = Z[x], or even when F = {P (x) ∈ Q[x] : P is irreducible over Q}, then Q(R F ) = Q. We already start with a necessary and sufficient condition for a field to have the property P. However, this result is not very pratical, Proposition 1. A field K ⊆ Q has not the property P if, and only if
Proof. The field K has not the property P if, and only if, for all α ∈ Q, there exists n = n(α) ≥ 1, such that α n ∈ K. In this case, all algebraic number is root of a polynomial of the form
. So, the result follows because
Next, we consider families of polynomials with degree one, that is, when Q(R F ) is still Q.
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Proposition 2. For all integer number m ≥ 1 and all prime number p, we have that
Proof. We recall that the set
n / ∈ Q, by the previous comment. When n ≥ m, so there are integers l, r, with 0 ≤ r < m and n = ml + r and then ( 
Any algebraic number α ≥ e −1/e = 0.69220... satisfying α n / ∈ Q, for all n ≥ 1 (including the numbers in (2.1)) can be written as T T , for some T transcendental. A proof for this fact, as well as more related results, can be found in [4] .
is a finite set, then Q(R F ) has the property P.
Proof. Take a prime number
. Therefore we have our desired result.
For proving the next result we make use of a little bit of Galois theory.
Proposition 4. Let k be a positive integer and let
Then the field Q(R F ) has the property P.
On the other hand tn+1 tn = m n , so the sequence (m n ) n≥1 is bounded. Thus, we ensure the existence of a prime number p > max n≥1 {m n , t 1 , 3}. Hence p does not divide t n , for n ≥ 1. We pick a real number α that is a root of the irreducible polynomial F (x) = x p − 4x + 2 and we claim that α / ∈ Q(R F ). In fact, on the contrary, there exists a number s ≥ 1, such that α ∈ Q(R F1···Fs ) = K s . Since [Q(α) : Q] = p, we would have that p|t s , however this is impossible. Moreover, given n ≥ 1, we have the field inclusions
Note that the last result is a generalization for the Proposition 2, namely when k = 1. The existence of such numbers, in the property P, imply in an interesting fact: given non-constant polynomials P (x), Q(x) ∈ Q[x], we take an algebraic number α, satisfying α n / ∈ Q(R {Q(x)−d: d∈Q} ). Then for convenient rational numbers Q (depending of P (x)), the number Qα can be written of the form P (T ) Q(T ) , for some T transcendental. A proof for this result can be seen in [3] .
Our next purpose is to give a sufficient condition for the splitting field of a family of polynomials to have the property P. For that, we recall the following definition Definition 1. A field K is said to be hilbertian if for all irreducible polynomial f (t, y) ∈ K(t) [y] , with degree ≥ 1 in y and where t = (t 1 , ..., t n ) are indeterminates, there exist infinitely many b = (b 1 , ..., b n ) ∈ K n such that the polynomial f (b, y)(in one variable) is irreducible over K.
For instance Q is hilbertian, but Q is not. All finite extension of a hilbertian field is still hilbertian. Thus, all algebraic number field (finite extension of Q) is hilbertian (this fact is well-known as Hilbert irreducibility theorem). This is nicely complemented by a result due to Weissauer on algebraic extensions (possibly infinite) of a hilbertian field.
Theorem 1 (Weissauer). Let K be hilbertian, let N be a Galois extension of K and let M be a finite extension of N , with M = N . Then M is hilbertian.
A better discussion on hilbertian fields, as well as the proof for some previous assertions, can be found in [2, Chapter 3] . Let U = {U 1 , ..., U n } be an algebraically independent set over a field K, the polynomial F U (x) = x n −U 1 x n−1 +...+(−1) n U n is called general polynomial of degree n over K. When K is a perfect field, namely either it has characteristic 0 or K characteristic(K) = K, then there exists a primitive element for the extension K(U )(R FU )/K(U ). Now we can state another result Proposition 5. Let F be a family of polynomials with rational coefficients. If there
Proof. We have the following tower: Q ⊆ Q(R G ) ⊆ Q(R F ). Since Q is a perfect field, then Q(R G ) is Galois over Q. By hypothesis, Q(R F ) = Q(R G ) and [Q(R F ) : Q(R G )] < ∞, so it follows from Weissauer's theorem that K := Q(R F ) is a hilbertian field. Take γ a primitive element of the extension K(U )(R FU )/K(U ), where the set U = {U 1 , ..., U 5 } is algebraically independent over K, therefore its minimal polynomial P U (x) = P (U, x) is irreducible over K(U ). Since K is hilbertian, then there exists b = (b 1 , ..., b 5 ) ∈ K 5 , such that the polynomial P b (x) = P (b, x) is irreducible over K and its Galois group is isomorphic to S 5 . Hence, for any α ∈ R P b and any n ≥ 1, we have that α n / ∈ K, because α can not be expressed as radicals over K.
As application, we have the property P related with families F such that the set {deg P : P ∈ F } is unbounded
In fact, for all j ≥ 1, we have the relations (
and by Proposition 5, we have our desired result.
Another consequence of the last proposition is the non existence of families in a sense "maximal"
Proof. Suppose the contrary. So, for a such F satisfying (i) and (ii), we would have
Since that we can write Q = Q(R Q[x] ), then by Proposition 5, Q would have the property P, but that is not true.
As last consequence, we have proved an interesting fact on field theory. The demonstration of the next result is similar to the end of the proof of Proposition 5 which is a particular case of the inverse Galois problem: for any hilbertian field K and any n ≥ 1, there exist polynomials, in K[x], whose Galois group over K is isomorphic to S n .
Proposition 6. All hilbertian field has the property P.
Corollary 4. The field Q ab , obtained by adjoining all roots of unity to Q, is hilbertian, and hence it has the property P.
Since Q is hilbertian and [M : N ] = 2, then by Weissauer's theorem, it is enough to prove that N is Galois over Q. That is reduced to prove that N n ∩ R is Galois over Q for each n ≥ 1, where N n = Q(R x n −1 ). It is well-known that N n /Q is an abelian extension, hence N n ∩ R is normal over Q and thus it is a Galois extension, since that Q is a perfect field.
By the theorem of Kronecker and Weber, Q ab is the composite of all finite abelian extensions of Q, see [1, p. 259] .
Next, we give an example of a non hilbertian field which satisfies our desired property. First, we recall that Q solv denotes the composite of all finite solvable extensions of Q. Note that Q ab ⊆ Q solv .
Proposition 7. The field Q solv is not hilbertian, and it has the property P.
Proof. It is not hard to prove that the polynomial f (x, y) = y 2 − x is irreducible over Q [x] . Also, the field Q solv is closed under taking square roots (because it consists of all algebraic numbers that are expressible by iterated radicals, by the Galois' theorem). Thus f (b, y) is reducible over Q solv for each b ∈ Q solv (because √ b ∈ Q solv ∩R f (b,y) ). Thus Q solv is not hilbertian. On other hand, if α ∈ R x 5 −4x+2 , then α n / ∈ Q solv because α can not be expressed as radicals over Q, again [1, p. 189].
We conclude with a related question: Question 1. Is there a proper subfield of Q which has not the property P?
